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General Introduction
Background

The study of neural network systems in the brain has gained increasing importance over the
past few decades. Human cognition and behavior are governed by the brain’s neural network
system. Analyzing this system can provide insight into how information is processed and deci-
sions are made. Based on the brain’s neural network system, artificial neural networks (ANNs)
have been developed as a key component of artificial intelligence (AI) systems [1]. Scientists
can gain insight into information processing, learning, and adaptation by studying biological
neural networks. A greater understanding of these insights will enable ANN design and opti-
mization to be more precise, resulting in more sophisticated artificial intelligence systems, and
promoting advancements in technology and robotics. Neurological networks in the brain have
remarkable capabilities, including pattern recognition, sensory integration, motor control, and
adaptive learning [2]. Researchers and engineers have gained a deeper understanding of how
the brain works through the study of its neural network system [3]. The emergence of these
powerful algorithms has enabled the development of robotic systems and machine learning al-
gorithms capable of recognizing patterns, integrating sensory information, and learning from
their surroundings [4]. It is in this scenario that stochastic resonance (SR) plays a critical role.
SR is a phenomenon that occurs in nonlinear systems, including neural networks, where noise
can enhance the transmission of signals [5]. In the context of neural network spiking activity,
stochastic resonance refers to the idea that noise in the system can improve the network’s infor-
mation processing capabilities [6]. Neural networks are made up of interconnected neurons that
communicate via electrical signals or spikes. The generation and propagation of these spikes
are influenced by various factors, including input signals and structural properties of individual
neurons [7]. The introduction of noise into a neural network can have different effects depend-
ing on the system-specific properties. Stochastic Resonance adjusts the noise floor to optimize
network performance. When the noise is at an optimal level, it can improve the network’s re-
sponse to weak input signals that would otherwise be undetectable or difficult to distinguish from
background activity [8]. Stochastic resonance in the peak activity of neural networks has been
extensively studied to understand its impact on information processing in the brain. It has been
hypothesized that noise can enhance signal recognition, enhance the presentation and transmis-
sion of sensory information, and even affect decision-making [9]. Researchers have studied the
mechanisms underlying stochastic resonance in neural networks and have proposed various the-
oretical models to explain [10] its occurrence. These models often involve complex interactions
between the network architecture, the properties of individual neurons, and the properties of in-
put signals and noise [11]. Experimental studies have provided evidence of stochastic resonance
in neural systems [12]. These studies aim to better understand how stochastic resonance affects
neural coding and information processing. Overall, the stochastic resonance in the peak activity
of neural networks illustrates the complex relationship between noise and information process-
ing in the brain. By understanding the principles underlying stochastic resonance, researchers
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hope to unravel the complex dynamics of biological systems. Theymay develop novel strategies
to improve information processing in artificial neural networks or to treat certain neurological
diseases. To study the impact of noise on neural system function, we employ a novel approach in
which we mimic the role of noise through the incorporation of axonal and neural heterogeneity.
Axonal heterogeneity refers to the variability in the physical characteristics of neuronal axons,
such as differences in axon diameter or myelination. Neural heterogeneity, on the other hand,
encompasses the diversity in neural properties, such as neuronal excitability, firing thresholds,
and synaptic strengths, within a neural population. By introducing axonal and neural hetero-
geneity into our modeling framework, we effectively emulate the impact of noise on neural
network behavior. This approach allows us to investigate how the inherent variability in axonal
and neural properties can influence the overall dynamics, stability, and information-processing
capabilities of neural circuits. Furthermore, our work sheds light on the potential functional ad-
vantages and robustness that might be conferred by such heterogeneity in the presence of noise,
thereby contributing to a deeper understanding of the role of variability in neural systems.

Motivation for the present research work

It is undeniable that the human brain consists of an incredibly complex biological neural net-
work system capable of performing a wide variety of calculations. Since the brain contains
approximately 86 billion neurons and 85 billion non-neuronal cells, the heterogeneity of these
cells reveals several physiological rhythms that affect its function [13]. This cell diversity en-
ables the brain to process and store information in unique ways, which allows a wide range
of cognitive abilities to unfold. This complexity allows the brain to adapt to new situations,
change its organization, and maintain its plasticity. By exploiting these properties, scientists
have begun to apply the principles of neural networks to design artificial intelligence systems.
Modern neuroscience is concerned with the extensive development of mathematical models
that describe the biological workings of dynamic systems that resemble the brain. Because of
the large amount of brain-related data collected over time, there has been a proportional pre-
occupation with mathematical computer simulations and comparing them with experimental
results [14]. From a larger perspective, the brain is a complex system whose signaling takes
place in a noisy heterogeneous environment [15]. In modern neuroscience, the considerable
development of mathematical models has facilitated the realization of dynamic systems that re-
semble the biological functioning of the brain [16]. Among such studies, stochastic resonance,
a counterintuitive mechanism by which embedded noise [17] increases a system’s sensitivity
and enhances its performance at a finite level, is believed to play an active role in a variety of
classes of both natural phenomena and artificially structured neural systems [18]. Several stud-
ies show how stochastic resonance produces significant improvements in signal detection [19].
In this study, we aim to contribute to this area by investigating how the combination of axonal
and neural heterogeneity enhances spike propagation in an ANN. We also want to find a sim-
ple mathematical model that explains the mechanism by which heterogeneity [20] can enhance
signal propagation within neurons. Notable examples include studies on transcranial random
noise stimulation (tRNS), in which subjects are stimulated by large electrodes with weak ran-
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dom electrical stimuli that actually improve their various motor, sensory, and even cognitive
tasks [21]. Given the brain’s heterogeneity, [15], we investigated the nature and effects of two
types of heterogeneity with the realistic neural model using the pyNest simulator on a toroidal
network. The initial source of heterogeneity pertains to the diversity in axonal delay, which re-
flects the spatial separation between neurons. The second source of heterogeneity concerns the
variability in the dynamic characteristics of neurons. In a real brain, neurons are not arranged
in a regular grid-like in a crystalline structure. Instead, their position is affected by randomness.
Since in a model network, the distance between neurons is represented by the propagation delay,
in this study we determine how the increase of axonal heterogeneity reduces the time delay of
signaling within a simple ANN. In particular, we use the Izhikevich neuron model implemented
on a toroidal network [17, 22] to study the different time delays of a signal traveling through
the network. We manipulate the system to achieve different levels of heterogeneity by axonal
delay manipulation. Heterogeneity was implemented using a uniformly distributed parameter.
Neurons in the brain process information in limited areas that generally have no defined ends or
boundaries. In this sense, choosing a torus rather than a bounding layer or plane is natural be-
cause of its boundless nature. The use of the toroidal topology in previous studies [23] together
with the mathematical topological nature of the torus, which we might want to use for future
research, led us to design our network in a ring shape. We find that the increase in axonal hetero-
geneity corresponds to a decrease in the propagation time of the information. This is done from
an input defined as initiator nin to an arbitrary test neuron named output no. Communication
between neurons occurs via action potentials (spikes), which travel to neighboring neurons and
trigger other spikes. Overall, this creates a wave of spikes that propagate through the network.
In addition, as numerous studies, [24–27], emphasize the utility of entropy in neuroscience, this
research proposes a model that links axonal and neuron heterogeneity with interspike train en-
tropy, leveraging the algebraic concept of equivalence classes to categorize brain entropy into
distinct sets. This division into subsets simplifies both theoretical and computational investiga-
tions. The model’s objective is to streamline the analysis of information within neural networks
by grouping numerous brain cells into sets based on their equivalence class.

Neuron model

Introduced in 1952 and awarded the Nobel Prize in 1963, the Hodgkin-Huxley model uses large-
scale nonlinear differential equations [28] to mathematically describe all plausible action poten-
tial patterns and biological membrane properties. Over the years, models have been developed
for more complex systems. A remarkable implementation of the Hodgkin-Huxley model was
published by Eugene M. Izhikevich [29]. He combines the biological results of his model with
the integration and firing of neurons in his two-dimensional system of ordinary differential equa-
tions. Izhikevich program reproduces about 20 different responses that characterize real neu-
rons’ spiking behavior. The model’s toroidal structure emulates a finite neural domain. Specif-
ically, each node is connected to the nearest node, and the corresponding nodes on the opposite
edge are circularly connected. Communication between each node, in a 2D grid, can be done in
the following four directions: +x or east, -x or west, +y or north, -y or south. A torus network
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can be defined as a graph G = (N, C). Where N(G) and C(G) are the nodes and connections
of G [30]. The total number of nodes in a 2D torus is n2, and a 2D torus structure naturally
leads to a von Neumann neighborhood. The simulation is started by choosing a neuron (corre-
sponding to a node in the ring network) to act as a stimulus. This is called initiator, indicated
with ni. It is connected to a constant external current of I = 10mA which spikes periodically
throughout the simulation period (1000 ms for most tests). Each node has a distinct axonal delay
µ = cd+δ, where cd is called central delay and is δ = nd×α. The nd parameter is called noise
delay, α = [(2x)− 1], and x is a uniformly distributed random variable in [o, 1] that implements
the axonal heterogeneity. Therefore, we analyze the signal propagation in the network to the
chosen no. To collect more interesting data, we chose two input-output neurons with the largest
distance between them in the structure. Only the initiator neuron spikes at the beginning of the
simulation, after which the spike activity propagates to distant test neuron no. The simulation
calculates the time it takes for the first spike to reach the chosen output node. We ran several
simulations, increasing the noise delay using the randomly uniform distribution of α parameter
x. Since the dis-homogeneity is random and uniform, we should not expect any advantage due
to the noise. Instead, we will prove that it favors faster spiking activity propagation and we will
give a simple theoretical framework to understand why.
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Chapter 1

Chapter 1: Methods
1.1 Network

1.1.1 Izhikevich neuron model

Python and theNEST library version 2.2 [31]were used to create and connect neurons thatmimic
spiking networks continuously. NEST library allows the implementation of specific functions
on large sets of nodes whose connections have a configurable delay/weight as well as parameters
and state variables [32]. The neuron model, which reproduces the spiking and bursting behavior
of known types of cortical neurons, is based on the one presented by Izhikevich [29]. Among
several models for studying spiking neural networks (SNN), the type proposed by Izhikevich
offers highly plausible biological dynamics, fundamental to reproducingwell the non-linear phe-
nomena dynamics of the neural network. Without realistic neuronal dynamics, we will not be
able to explain the faster spiking activity propagation caused by the increased spatial heterogene-
ity in the network. The choice of a spiking neural model is extremely important to efficiently
structure the network task. De facto, one of the most used prototypes to describe neural func-
tionality in the field of neuron science is the LIF (leaky integrate-fire) model, considered simple
while implemented at low computational cost [33]. However, the Izhikevich one is widely rec-
ognized as one of the most powerful and accurate models able to simulate thousands of neurons
in real-time while offering a solid accuracy to reproduce spike patterns [34]. The model offers
highly plausible biological dynamics and reproduces a large variety of spiking models by ma-
nipulating a few parameters. We used a Runge-Kutta method to process the Izhikevich model
differential equations and a pipeline/buffer procedure to describe the delay’s behavior within
the NEST network. A weighted sum considers presynaptic input, where the weights represent
synaptic connection strength parameters. When a neuron is delayed by a specific amount of
time, its signal will continue to travel down a memory register pipe. This is so long as the delay
is expressed as several time steps. In other words, at each time step, the pre-synaptic membrane
potential is inserted at the beginning of the pipe, whereas the last element is fed to the Izhikevich
differential equation. Since the pipe is rolled one step forward at each time step, and because it
is as long as the delay, this method implements the time delay between pre-synaptic and post-
synaptic neurons in a seamless manner without interfering with the theoretical models of delays
in this study. Furthermore, by setting a few parameters, the Izhikevich neuron model reproduces
most spiking activities, offering solid accuracy to reproduce spike patterns [34]. The Izhikevich
neuron model describes the time evolution of the membrane potential v using a two-dimensional
system of ordinary differential equations with four parameters a, b, c, and d which characterize
both the spiking and the bursting behavior of the neurons [29]:
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v′ = 0.04v2 + 5v + 140− u + I

u′ = a(bv − u)

after the spike, a reset process is given by:

if v ≥ 30mV →

v ← c

u← u + d
(1.1.1)

where v′ = dv
dt
, and u′ = du

dt
.

The variables v and u and the parameters a, b, c and d are all dimensionless [29], t is the time.
In the mathematical model, v represents the membrane potential, and u is a membrane recov-
ery variable, providing the negative feedback to v. After each spike, according to (1.1.1) the
membrane voltage and the recovery variable are reset down to the parameter c and to u + d

respectively. I is the variable representing the external current stimulus, while the adjustment
0.04v2 + 5v + 140 allows the membrane potential v and time t to be scaled respectively to mV

and ms. The parameters a, b, c, and d, according to their values, enable the equation to depict
various firing pattern models.

In particular: The parameters of the Izhikevich more described respectfully:

• a[0.02]: recovery variable. An increment of a results in a quicker recovery for u.

• b[0.20]: underlines the strength of u to the sub-threshold fluctuations of the membrane
potential v. An increment of b is translated into a stronger interrelation between u and v,
meaning possible sub-threshold oscillations and low-threshold spiking dynamics. u to the
subthreshold fluctuations of the membrane potential v.

• c[-65 mV ]: the after-spike reset value of the membrane potential v.

• d[6 mV ]: the after-spike reset of the recovery variable u.

When the membrane potential reaches a threshold value (typically around 30 mV), the neuron
produces an action potential or spike, and the membrane potential is reset to a reset value (typi-
cally -65 mV) while the recovery variable u is increased by a reset parameter (typically u += d).
The Izhikevich neuron model is known for its ability to replicate a wide range of spiking patterns
observed in real neurons, including regular spiking, bursting, and fast-spiking. By adjusting the
parameters (a, b, c, d) of the model, various types of spiking behaviors can be simulated. Over-
all, the Izhikevich neuron model provides a computationally efficient approach to studying the
dynamics of spiking neurons and has beenwidely used in computational neuroscience and neural
network modeling.
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1.1.2 Network structure

In our network, we employ bidirectional communication between neurons, which is a communi-
cation pattern commonly observed in complex neural networks that are responsible for memory
and cognitive functions. In such networks, information flows in multiple directions, allowing
for the exchange of data and signals between neurons in both forward and backward directions.
This bidirectional flow of information enhances the network’s ability to perform sophisticated
computations and respond to a wide range of cognitive tasks [35]. As a result, a viable connec-
tion structure must be established for each node or neuron to ensure the proper functioning of the
model. When designing the dynamic network, one possible approach is to consider the von Neu-
mann neighborhood type within an n-dimensional lattice, where every node is connected to its
[2×n] neighboring nodes. The configuration depicted in Figure 1.2 represents a 2-dimensional
grid, where each neuron establishes connections with its adjacent nodes in the north, south, east,
and west directions. In the context of machine learning, the distance between nodes is quantified
using the Manhattan distance, also known as taxicab geometry. Unlike the Euclidean distance,
the Manhattan distance may yield multiple distinct paths with the same distance between two
points, as illustrated in Figure 1.1.

Figure 1.1: There are several shortest paths to go from A to B, but the Manhattan distance, which in this
case is 12, is the same for any shortest path. Instead, in the case of Euclidean distance, there exists one
and only one shortest path from A to B

Wegenerate, therefore, a matrix grid of neurons connected according to the vonNeumann neigh-
borhoodmodel. In the two-dimensional case, the first row is up-connected with the last row (and
vice-versa), and the first column is left-arrow associated with the last column and vice-versa, as
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in figure 1.2. The edges of the two-dimensional matrix grid are theoretically bent into a three-
dimensional torus where a network representing a neural aggregate is arranged. This leads to
similarities in toroidal neural networks (TNN) [36]. The toroidal structure opens the study of
several appealing geometric interpretations.

Figure 1.2: Toroidal network of 16 neurons plotted in 4 × 4 square matrices. To create a biologically
plausible continuous system, that is to avoid the presence of boundaries or borders in the structure, the
first row is connected to the last row and the first column to the last one.

For example, in Figure 1.3, the evolution of spike rates on a toroidal surface tends to approach
a geodesic line, which is a local length-minimizing curve. From a topological perspective, the
torus exhibits significant homeomorphic properties, which pave the way for further exploration
in computational topology to enhance our comprehension of brain function (Coli, Tozzi).

After framing the network within a toroidal model and defining neurons according to the Izhike-
vich archetype, we conducted simulations. In the initial phase of the program, we constructed a
matrix where nodes represent neurons interconnected in a pattern to form a toroidal grid consist-
ing of 400 neurons (20× 20 arrays). Tomaintain simplicity, all neurons are considered identical,
devoid of inhibitory synapses and thalamic currents. Our primary focus lies in examining the
impact of non-uniform axonal propagation delay (Madadi), so we investigate the model under
pristine conditions. Specifically, we focus on regular spiking (RS) neurons, as they typify the
most common neuron class in the cortex. To characterize the delay and connection strength
for each neuron, we employ the following terminology. Each neuron is defined by its constant
synaptic strength connection denoted as w, which remains consistent across the network and
is not included in our calculations. The intrinsic axonal delay for each neuron is generally de-
scribed by the variables µ = cd + δ, where cd represents the central delay, signifying the time
taken for a spike to propagate along the axon, and δ represents random variation around this
value (noise). Two main loops are involved in the process. The external loop iterates through
the integer j, which controls the neuron’s central delay (cd), while the internal loop iterates
through i, which modulates the stochastic noise delay component (δ). We initially assign values
to the variables ns (representing noise steps) and (cd)max, which respectively denote the number
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Figure 1.3: In A1 and B1 we run three simulations on the toroidal network of figure 1.2. Neuron 3 is
considered the input of the network, being the only one connected to the external input and to initially
spike. The three plots in A1 show the spike rate calculated in three different simulations of 1000ms. In B1
other three simulations are shown, but this time the input neuron is in position 1. On B1 the path 1-5-9-13-
14-15 shows higher spiking frequency on the nodes 1-5-9-13, compared to paths with the sameManhattan
distance as, for instance, the sequences 1-2-3-7-11-15 or 1-2-6-10-11-15. In A1, if we don’t consider the
direct connection 3 to 15, the shortest path from input(3) to output(15) is 3 steps. Nevertheless, a high
spike frequency tends to lay on the path 3-7-11-15. Alternative paths with the same Manhattan distance
are 3-2-14-15 and 3-4-16-15. In the three-dimensional torus, if we consider the Euclidean distance, the
sequences in red in A2 and B2 (1-5-9-13) tend to lay on the longitudinal geodesic.
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of iterations in the internal i-loop and the external j-loop as follows:

1 ≤ i ≤ ns , and 1 ≤ j ≤ (cd)max , i, j ∈ N

When i reaches ns, the central delay (cd) increases by 1. For simplicity, we consider j = (cd)j to
assume the integers values (1, 2, 3, 4... (cd)max). We indicate with µ i,j

n,nk
, the axonal transmission

delay for a spike to travel between two neurons n, nk. It is calculated at each simulation by a
fixed delay equivalent for each neuron, referred to as central delay (cdj), and its stochastic
contribution δ i,j

f,fp
as follows:

µ i,j
f,fp

= (cd)j +

δ i,j
f,fp︷ ︸︸ ︷

i
(cd)j

ns
× α i,j

f,fp
(1.1.2)

where

∗ α i,j
f,fp

= [2x i,j
f,fp
− 1]

∗ (cd)j = central delay; 1 ≤ (cd)j ≤ (cd)max , j ∈ N

∗ δ i,j
f,fp

= i (cd)j

ns
× α i,j

f,fp
such that: − (cd)j ≤ δ i,j

f,fp
≤ (cd)j

where 0 ≤ x i,j
f,fp
≤ 1 is an aleatory variable with uniform distribution in [0, 1] assigned to

the connection of neuron nf to nfp for each i-loop and j-loop, such that −1 ≤ α i,j
f,fp
≤ 1.

Figure 1.4: Biological representation of neuron

In Figure 1.4, on the right side, the biological representation of a neuron and its axonal delay
transmissions are denoted as µ. The central delay, labeled as cd, simulates the neuron’s axon,
while δ simulates the axon terminal. The total distance comprising these two segments varies
for each connection between nf and nfp , as shown on the left side of the figure. The simulation
starts with j=1 (cd=1). At each i-loop, each couple of neurons is assigned with an intrinsic
delay µ i,j

f,fp
where, respectively, j represents the cd (same for each couple of neurons), and i

the increment of axonal heterogeneity. This framework realizes a network of neurons having a
different (heterogeneous) intrinsic axonal transmission delay µ i,j

n,nk
. In the whole network, only

nin is stimulated by an external current I = 10mA, as suggested by Izhikevich [29]. Once this
spikes regularly, its activity propagates to its neighbors with a certain delay, and so on. Hence,
wemeasure the propagation of spike activity between two defined neurons. The initiator nin and
random neuron no. The subscripts in and o stand loosely for initiator and output respectively.
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Consequently, we define:

• f i,j
out as the time of the first spike of no.

• f i,j
in as the time of the first spike of nin.

And, accordingly the spike propagation delay from nin to no as:

∆f i,j
g = f i,j

out − f i,j
in (1.1.3)

In the context where g represents theminimumManhattan distance (mMd) fromnin tono, among
the two neurons [37] [36], a specific ∆f i,j

g is given for each i. For every complete iteration of
the i-loop, a collection of ns values is assembled. All ∆f i,j

g within one i-loop share the identical
central delay (cd)j . As i progresses to ns, the central delay (cd)j is increased by 1, initiating
a new cycle of i-loops. Upon j reaching (cd)max, the simulation concludes. The primary aim
is to assess whether the increment of axonal heterogeneity impacts spike signal transmission.
Specifically, the focus is on determining if as i increases it corresponds to a reduction in ∆f i,j

g .
To achieve this, we calculate the regression line of the ∆f i,j

g for each i-loop.

1.1.3 SGE: Stochastic Grid Enhancement

To elucidate the impact of axonal heterogeneity on spike propagation, our initial analysis in-
volves tracking the temporal evolution of spike activity propagation within the network while
maintaining a constant delay value. In Figure 1.5, we set the delay parameter to (cd) = 50 mil-
liseconds and calculate δ = (cd)/4 = 12 milliseconds. We monitor the ’time of the first spike’
for all neurons in the network, with only neuron nin exhibiting initial spiking activity. The prop-
agation of the spiking signal commences from neuron nin and propagates through the network.
As anticipated, we observe a linear relationship between the Manhattan distance from the test
neuron and the initiator neuron. In our specific scenario, the network comprises a grid of 20 ×
20 neurons. We identify each neuron with an index based on its position within the grid. By
placing the initiator in the center of the second row, it is assigned an index of 30 (20 neurons in
the first row and an additional 10 neurons for the central position in the second row). Following
this indexing convention, we investigate the time of arrival of the spike-wave for each neuron
along the geodesic path toward the output neuron 230, which is also positioned on the geodesic
line in the central row. As evident from the simulation results depicted in Figure 1.5, the propa-
gation delay in milliseconds exhibits a linear increase with distance, aligning with our intuitive
expectations.

We now proceed to assess whether the introduction of axonal heterogeneity has a positive impact
on the propagation of spiking activity throughout the neural network. In Figure 1.6, we present
two maps depicting the toroidal network under varying noise levels. Each pixel within these
maps corresponds to an individual neuron, with its color indicating the time of the first spike in
milliseconds. Notably, neuron nin is situated at coordinates x=10, y=2 on the grid, indexed as
30. The remaining neurons exhibit spiking activity that follows the axonal propagation delay
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Figure 1.5: The spike activity propagation delay on the torus. Here the first spike happens at time
t = 0 at the node located at index 30, the delay is calculated when the neuron at the node in the position
indicated on the horizontal axis has its first spike. The tested neurons are those located at the geodesic of
the toroidal grid. In these tests, the intrinsic delay and delay heterogeneity are kept constant at cd = 50
ms and δ = 12.5 ms respectively.

across the network. When we reduce the level of axonal heterogeneity, as illustrated in Figure
1.6 (A), we observe a corresponding decrease in the number of neurons reached by the spiking
activity, represented by deep purple regions on the map. Conversely, an increase in axonal
heterogeneity level, as depicted in Figure 1.6 (B), results in an expansion of the area covered by
spiking activity. Our findings indicate that elevating the degree of axonal heterogeneity leads to
a reduction in propagation delay. Furthermore, in the context of Equation (1.1.3), as the axonal
heterogeneity parameter (i→ ns) is heightened, the value of ∆f i,j

g tends to decrease.

To describe the effect of axonal heterogeneity from an analytical point of view, we reckon the
general equation for the regression line [38]:

ȳ = m̂x̄ + α̂

where
m̂ =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2 = σx,y

σ2
x

(1.1.4)

Here we introduce

x̄ and ȳ as the average of the xi and yi.

σx and σy as the standard deviations ofx and y.

σ2
x and σx,y as the variance and covariance.

We pose i (cd)j

ns
= (nd)i,j; such that in our model (xi,j; yi,j) = ((nd)i,j; ∆f i,j).

We now try to give a mathematical formulation form and prove that since from our data m < 0,
then we must have, in general, ∆f (i,j) < ∆f (e;j) when e ≤ i. In other words, when the noise
δi,j increases, the delay ∆f i,j

g decreases. From (1.1.4) we calculate the slope for the linear
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Figure 1.6: In this analysis, we present the temporal delay of spikes for each neuron within a 20x20
toroidal network. Specifically, we provide the timestamp at which the first spike occurs for every neuron
in the network, signifying the moment when each neuron first receives spiking information. The neuron
nin located at index 30 with coordinates x=10 and y=2 on the map, commences spiking at t=0 in response
to a constant input current of I0=10 mA. The color bar is utilized to represent the timing of the first spike
for each neuron inmilliseconds. The areas depicted in dark blue on themap signify regions where neurons
fail to spike within the given time frame of our test simulation, which spans 500 ms. This occurs when
the spiking activity initiated by the ’initiator’ neuron nin does not propagate to these regions promptly.
Notably, in the first panel, where the noise level is minimal, a significant portion of the network remains
untouched by the spiking activity. In contrast, in the second panel, where the noise level is higher, the
circulation of spikes is accelerated, resulting in a greater number of neurons being influenced by the nin’s
activity.

regression 1, where:

σ2
x =

∑ns
i=1(xi − x̄)(xi − x̄)

ns
(1.1.5)

σx,y =
∑ns

i=1(xi − x̄)(yi − ȳ)
ns

(1.1.6)

our respective values are:

• xj
i = (nd)i,j = i (cd)j

ns
; x̄ = (cd)j(ns+1)

2ns

• yj
i = ∆f i,j ; ȳ =

∑ns

i=1 ∆f i,j

ns

To simplify the symbolism from now on we reckon cdj = cd, and ∆f i, j = ∆f i. We omit the
index j since cdj is constant during the calculation of a single m while only i ranges from 1 to
ns. By substituting xi, x̄, yi, ȳ respectfully in (1.1.5) and (1.1.6), we get:

σ2
x =

∑ns
i=1(xi − x̄)2

ns
= (cd)2

ns2
(ns2 − 1)

12

and
σx,y = (cd)

ns2 [
ns∑

i=1
(i∆f i)− (ns + 1)

2

ns∑
i=1

∆f i]

1It is just reported a part of the demonstration.
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which we can write as:

σx,y = (cd)ns2

ns−1
2∑

i=1
|(i− ns + 1

2
)|(∆f (ns+1−i) −∆f i)

From (1.1.4) we can formulate:

m =
∑ ns−1

2
i=1 |(i−

(ns+1)
2 )|(∆f (ns+1−i) −∆f i)

(cd) · (ns2−1)
12

We have m < 0 only if the numerator is negative, therefore, for most of the ∆f i, it must follow:

∆f (ns+1−i) < ∆f i (1.1.7)

.

The (1.1.7) demonstrated how, by increasing the index i (i.e., noise), the delay of a signal is
reduced compared to the preceding one. As a result, we can conclude that increasing noise
reduces the delay of a signal from input to output for a fixed central delay (cd)j .

We varied the intrinsic axonal delay parameter (cd)j across a range of values, spanning from
1 to 100 milliseconds. For each of these values, we conducted experiments involving forty
different noise levels, ranging from (cd)j/40 to the maximum delay value (cd)max = 100ms.
The top panels of figures 1.7 and 1.8 illustrate the distribution of spike arrival times in the output
neuron no. In figure 1.7, with a relatively large central intrinsic delay of 93 ms, only 20 arrival
times are observed. Our simulation has a duration of 1000 ms, and depending on the stochastic
δi, j factor’s variability, in certain cases, neuron no does not spike, as the information from
neuron nin doesn’t arrive in time. Conversely, in figure 1.8, when the central delay is around
31 ms, the histogram is complete, displaying 40 arrival times concentrated at a shorter delay of
approximately 350 ms. The central panels of these figures depict the first spike time in no for
increasing values of (nd)i,j . The linear regression’s dark dotted line illustrates the significant
trend of time decreasing as noise levels increase. Notably, when examining the bottom panels
of both figures, the regression slope m consistently remains negative, and the minimum value
occurs around cd = 35 ms (with the y-axis reversed). The bottom panel of figure 1.7 presents
the values of m for each cd, spanning from the first to the last simulation (i.e., 2 ≤ cd ≤ 93.07).
We were able to replicate the minimum m value around cd = 35 ms in repeated simulations
with different random seeds. The maximum value of m consistently occurred within a global
minimum range of 30 ≤ cd ≤ 35.

The consistent negativity of the slope m, which signifies how axonal heterogeneity diminishes
the propagation speed within the network, persists across all conducted simulations. The repli-
cable nature of this behavior underscores the robustness of this feature in our model neural
network
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Figure 1.7: In the top panel, we plot the histogram of the time difference between the first
spike of the output neuron no and the first spike of the initiator nin. These times repre-
sent the times of arrival of spiking activity from an initiator neuron placed at position 30 to
a test or output neuron placed far away in the toroidal network (in position 230). We per-
formed 40 simulations with increased noise levels, from cd/40 ms up to cd = 100 millisec-
onds. The resulting histogram is centered around a delay difference ∆f i,j

g of about 800 milliseconds.
In the central panel, we plot the same arrival time differences in the function of the noise (nd)i,j .
We have 40 increasing values of (nd)i,j from 1 to (cd)j (cd is fixed in these plots to (cd)j =
93.07). We notice that for a small value of heterogeneity ((nd)i,j between 0 and 23), the de-
lay difference doesn’t change much, settling on values greater than 800. Eventually, by increas-
ing the noise, ∆f i,j

g decreases accordingly, reaching values below 800 ms. The dotted line rep-
resents linear interpolation with an inclination of m = −2.15, as indicated in the figure’s title.
In the bottom panel, we plot all the values of m obtained by previous simulations, where each has a
different neuronal intrinsic delay (cd)j (ranging from 5 to 100 ms in 1 ms steps). While the top and
central panels refer only to the value of (cd)j = 93.07, the bottom panel reports all the previous values
of m up to the current (cd)j . A negative m indicates that the delay value is decreasing.
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Figure 1.8: Same as figure 1.7. Precisely, we present the value of m corresponding to the global mini-
mum for m=-4.17 (in the graph, minimum appears as a maximum as the ordinate are inverted for clarity).
The biggest effect of delay difference was observed in all of our testings for intrinsic delay values in the
range 31 ≤ cd ≤ 35. When the intrinsic delay is centered at 35 ms, the signal from nin propagates faster.

1.1.4 Process time

The following section offers a theoretical interpretation of the negative aspects associated with
the variable denoted as m. Our investigation delves into the dynamic characteristics of neurons,
necessitating a comprehensive comprehension of the phase portrait of the membrane potential
and recovery system. The phase space features various conditions, including equilibrium, limit
cycles, attractors (as described by Izhikevich [29]), and other properties that aid in elucidating
the spiking behavior from a dynamic systems perspective. In this analysis, we examine two
distinct phases, commencing with the scenario in which a neuron resides in an equilibrium state,
characterized by a resting membrane potential [39]. In Figure 1.9.1 of the phase space plot
shown in Figure 1.9.2, input currents induce a minimal presynaptic potential (PSP) [40]. In this
phase diagram, the membrane potential exhibits slight deviations from the equilibrium point
(represented as a black spot or an attractor corresponding to the resting potential). Subsequently,
after a few milliseconds, it returns to its resting state.

Instead, in figure 1.9 panel 3, we show the effect of two pre-synaptic stimuli. A little signal
PSP (A) causes a slight change in the equilibrium, whereas a bigger signal PSP (B) causes the
neuron’s intrinsic dynamics to spike after a short time. The period between the arrival of the
stimulus and the realization of the spike is referred to as process time. Now we’ll look at what
happens when a PSP signal A reaches a post-synaptic neuron while that same neuron is still
firing as a result of a prior PSP signal B. Consider the case where a spike leaves a neuron nf

and travels in the direction of neuron nf1.

Firstly we define:
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Figure 1.9: Panels 1 and 2: a stable equilibrium. A small pre-synaptic signal (PSP) goes from neuron
nf to nf1 . The membrane potential will fluctuate around the equilibrium point before returning to its
resting state (black dot, the equilibrium point). Panels 3 and 4 depict the responses of two different pre-
synaptic stimuli. The small PSP (A) doesnôt induce a spike, whereas a bigger PSP (B) does. The time it
takes for the neuron to achieve a spike following the PSP is referred to as process time, and it is measured
in milliseconds as in the Izhikevich regular spiking neurons employed in our model.

• Process time τ i,j
fp
: that represents the time for neuron nf to process a pre-synaptic spike

and deliver its post-synaptic spike, the two indexes i and j represent the current central
delay (cd)j and its stochastic variation δ i,j .

• Axonal transmission delay µi,j
f,fp

: the time for a spike to go from neuron nf to one of its
four adjacent neuron nfp,(p=1,2,3,4), as in eq.(1.1.2).

• Total transmission Delay d i,j
f,fp

:

d i,j
f,fp

= µi,j
f,fp

+ τ i,j
fp

(1.1.8)

The random variable x i,j
f,fp

, characterizes the delay transmission from nf to nfp, and a process
time τ i,j

fp
. Therefore, each i-simulation defines d i,j

f,fp
. Once everything is in place, the network

operates as expected: a spike reaches a specific input neuron nf . The neuron nf will pro-
cess the signal with a processing time τfp . Subsequently, the spike leaves nf and reaches four
adjacent neurons nfp,(p=1,2,3,4) with four different axonal transmission delays µi, j

f, fp
defined in

equation(1.1.2). We now want to focus on the case when :

µi,j
f,fp

< τ i,j
fp

(1.1.9)

Following equation (1.1.9), the spike generated by neuron nf is anticipated to reach neuron nf1

promptly, even as the post-synaptic neuron is still in the process of handling the signal from
B′. The amalgamation of these two membrane potentials, as illustrated in the phase diagram
depicted in Figure 1.9.4, serves to expedite the generation of a spike, thereby reducing the pro-
cessing duration denoted as τ i,j

fp
. Consequently, the overall time interval spanning from the
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Figure 1.10: A sketch representing how the variability of the axonal delay influences the overall spike
activity propagation along with the network. Two cases are shown: in panel 1. the variability of the
axonal transmission µi,j

f,fp
is wide (from zero to 50ms in this example where the central value of the delay

is 25ms). Since this value can become smaller than the processing time τ i,j
fp
, this will positively influence

the phase space of the neuron’s dynamic, resulting in a faster post-synaptic response. In panel 2 it is
shown the opposite situation in which the variability of the axonal delay is smaller and never realizes
this condition. Since a longer than average, µi,j

f,fp
doesn’t increase post-synaptic process times, whereas

a shorter than average does, this indicates how a degree of randomness helps the overall circulation of
spike activity on the toroidal network.

initial pre-synaptic stimulation initiated by A′ to the eventual post-synaptic spike, labeled as
d;i,j

f,f1
, undergoes a reduction. In simpler terms, owing to the stochastic variability inherent in

axonal transmission delays denoted by µi,j
f,fp, the temporal delay may fluctuate randomly, ei-

ther exceeding or falling short of the mean value. In instances of shorter delays, the arrival of
a second spike at the post-synaptic neuron leads to decreased processing times. Conversely,
when µi,j

f,fp is higher, the processing times τ i,j
fp

remain unaffected. This inherent asymmetry in
the system accounts for the observed phenomenon in our simulations. As the degree of axonal
heterogeneity in the network increases, the likelihood of this condition occurring across multiple
neurons rises, resulting in accelerated propagation of spiking activity and enhancing the overall
flow of information throughout the network. For a visual representation of this phenomenon,
please refer to Figure 1.10.

In Figure 1.11, we provide a schematic illustration of the operational principles of the SGE
effect concerning the temporal aspects of processing time τ depicted in red, and transmission
time µ represented by the blue line. Our theoretical framework postulates that the presence
of processing time τ is a prerequisite for the occurrence of the SGE effect. In this context,
transmission time µ, given a fixed central delay, signifies the duration required for an impulse
to traverse the spatial gap between two neurons, whereas τ denotes the interval during which
a neuron emits a post-synaptic spike after the arrival of pre-synaptic stimulation. The very
existence of this mechanistic framework leads us to propose that during the τ interval, while a
prior signal is undergoing processing, as denoted by (PSPs)B in the nf region of the plot, there
exists the potential for another spike to propagate from the same source, nf, thereby expediting
the emission process and ultimately facilitating the manifestation of the ”SGE” effect.

1.1.5 SNE: Stochastic Neuron Enhancement

The initial type of heterogeneitymanifests as non-uniform spatial gaps between neurons, achieved
through the introduction of random axonal delays. This results in accelerated information trans-
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Figure 1.11: Representing how the variability of the axonal delay µ, triggers the SGE effect influencing
the overall network’s spiking activity. Two cases are shown: Process time > Transmission time (panel
1.,3.) and Transmission time > Process time (panel 2.,4.). In panel 3 we see how increasing the random-
ness results in a wider range of variability of µi,j

f,fp from 0ms to 50ms, with a central value of 25ms. In
this case, µ can become smaller than the processing time τ i,j

fp , and positively influence the phase space
of the neuron’s dynamic, provoking a faster postsynaptic response. In panel 4, for a small randomness
level, the variability of µ never gets below the value of τ and the SGE effect won’t take action.

mission, denoted as SGE effect. The second type of heterogeneity revolves around a neural
model that lacks uniformity. In this scenario, we manipulate neuron cell types by adjusting the
parameters of the Izhikevich model, thereby altering various differential characteristics of the
neurons and influencing their spike patterns and dynamics (see Figure 1.12). The simulations
demonstrate that heterogeneity amplifies the overall number of spikes throughout the network,
suggesting an augmentation in information robustness. Our findings align with recent notable
studies, indicating that heterogeneity confers various advantages to the brain, including im-
proved coding efficiency, enhanced reliability, superior working memory, and other functional
attributes [20]. Henceforth, we shall refer to this phenomenon, stemming from the stochastic
nature of the neuronal model, as ”Stochastic Neuron Enhancement” (SNE effect).

1.2 Simulation on multidimensional networks

We will now explore the impact of the combination of SGE-SNE effect on various lattice grids,
spanning dimensions two, three, and four, along with their associated toroidal frameworks. For
instance, when considering a 3D lattice grid, we observe the emergence of a 4D toroidal network,
where each neuron is surrounded by six adjacent neighbors, as opposed to four. To achieve
the 4D torus, we achieve this by connecting opposite surfaces of the cube, creating a toroidal
network that exists in a four-dimensional Clifford torus [41].

By employing a comparable idea, we can expand this to encompass a four-dimensional grid,
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Figure 1.12: To different values of the parameters, a, b, c, d, correspond different types of Izhikevich
neuronmodels as described by equations (1.1.1). In our simulation, the constant values of a, b, c, d=(0.02,
0.2, -65, 8) are congruent to a regular spiking (RS) model, while random changes of c, d correspond to
a continuous variability of a large range of neuron models [29] such as IB (intrinsically bursting), CH
(chattering), FS (fast-spiking), LTS (low-threshold spiking), TC (thalamocortical), RZ (resonator). The
variability of c, d according to eq.(1.2.1), guarantees the neural heterogeneity of the model.

resulting in the formation of a torus situated within a five-dimensional space. In the following
illustration, we present an overview of the connection between the dimensional grid and the
corresponding toroidal network.

• 2D Lattice grid =⇒ Torus in 3D space

• 3D Lattice grid =⇒ Torus in 4D space

• 4D Lattice grid =⇒ Torus in 5D space

In the context of the three-dimensional topological arrangement [42], each node establishes
connections with its six adjacent neighbors, enabling communication in six distinct directions:
+x (east), -x (west), +y (forward), -y (back), +z (north), and -z (south). The four-dimensional
torus structure naturally results in a von Neumann-shaped neighborhood [43], with cells being
surrounded by six input connections [22]. In both scenarios, we introduce an external current of
I=10 mA to an arbitrary neuron denoted as nin, following the methodology presented in section
(1.1). This current stimulates the neurons within the network, initiating the SGE effect. We
subsequently examine the occurrence of this phenomenon on 2D, 3D, and 4D grids, investigate
the impact of neural heterogeneity, and explore the influence of SNE. Finally, we consider the
combined effects of both types of heterogeneities on the network.

In our model, we will keep a, b at constant values of 0.02 and 0.2, while the parameters c, d are
heterogeneous, as in figure 1.12, will be subject to the form:

c = −65 + (15× x1 × x1)

d = 8− (6× x2 × x2)
(1.2.1)

0 ≤ x1, x2 ≤ 1: uniformly distributed random variables [29].
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Figure 1.13: We present four distinct depictions of a 3D Torus derived from a 2D grid model. In this
context, the network’s neurons serve as nodes, and their edges are the axonal transmission delay µ i,j

f,fp

defined in eq.(1.1.2). The x-axis signifies the extent of neural diversity denoted asH, which varies from 0
to 1. When H is at 0, all neurons are identical to each other, exhibiting neural homogeneity. Meanwhile,
the y-axis illustrates the range of axonal heterogeneity, specifically the axonal delay δi, which spans
from 0 to the central delay value cd. As δi varies, it results in differing values for the connections µ i,j

f,fp
.

A: In the specific scenario where H equals 0 and all δi are 0, the network grid exhibits regular-
ity. As a result, all neurons are identical, denoted by the presence of red nodes, specifically of the R.S.
Izhikevich type, and the axonal delay between them is uniform at the value of cd within a regular 3D
layout.
B:Hypothesis H states that δi is equal to 0. Our approach focuses on altering neural heterogeneity
exclusively by adjusting the parameters c and d in the Izhikevich neuron model. As depicted in Figure
1.12, this manipulation leads to the creation of a stochastic typology of neuron models. Importantly, the
inter-neuron spacing remains fixed at the value of cd, while the varying colors of each neuron represent
distinct Izhikevich neuron model types.
C: Under the conditions where H equals 0 and δi equals 1, all the neurons in the system are modeled
as R.S. Izhikevich neurons. The variability in axonal delay between neurons is induced by axonal
heterogeneity, as described by equation (1.1.2).
D: H : 1, and δi: 1. The illustration represents the utmost variability in structure, showcasing two forms
of heterogeneity. It provides a visual representation of the most likely distribution of neuron populations
in a network of diverse cells, where the inter-neuronal connection distances vary.
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Heterogeneity of Izhikevich neuron model

Parameters RS IB CH FS LTS TC RZ
a : 0.02 0.02 0.02 0.1 0.02 0.02 0.1
b : 0.2 0.2 0.2 0.2 0.25 0.25 0.26
c : -65 -55 -50 -65 -65 -65 -65
d : 8 4 2 2 2 0.05 2

Table 1.1: Values of the parameters a, b, c, d used for each model of figure 1.12.

In Figure 1.13 we show the effects of the combined heterogeneity on a 3D toroidal model net-
work. Where the node’s color variation represents the neural heterogeneity, the different dis-
tances of the connections illustrate the axonal delay heterogeneity.

We established three distinct networks in two, three, and four dimensions, each corresponding to
a three-dimensional, four-dimensional, and five-dimensional torus, respectively. Subsequently,
we conducted comparative simulations to scrutinize the outcomes. Initially, we constructed a
three-dimensional matrix composed of 343 neurons, arranged in a (7 × 7 × 7) grid, intercon-
nected using the von Neumann neighborhood model, creating a toroidal structure by connecting
opposing surfaces [36]. Once the network framework was established, we configured the neu-
rons according to Izhikevich’s model to initiate the simulations. Our primary focus in this study
is to investigate the impact of non-uniform axonal propagation delay [44]. To begin, we ex-
amined the model in its simplest form, assuming that all regular spiking (RS) neurons were
identical, without considering inhibitory synapses or thalamic currents. Subsequently, we will
compare these results with those obtained from a model where neurons of the same size exhibit
heterogeneity, and we will analyze the variations in the effects of heterogeneity.

1.2.1 Grid dimensions and SGE effect

We will now extend our analysis of the SGE effect phenomenon to various dimensions. We
illustrate how this phenomenon becomes more pronounced when we increase the network’s
dimensionality. To begin, we explore the number ofminimumpathswith the samemMd between
two random neurons in a lattice grid configured in a toroidal shape. The mMd from neuron nin

to neuron no represents the minimum number of steps required to reach no from nin, as depicted
in Figure 1.14.

In a previous study involving a 2D lattice network (as described in [45]), each neuron had four
adjacent neighbors. For any pair of neurons [nin; no], there were a specific number of paths
with the same mMd that connected nin to no. Given the network’s structure, the most efficient
way for a signal to reach the no was in mMd steps. In two dimensions, there were only two
possible pre-synaptic connections to no, as shown in Figure 1.15(a). Initiating a path from one
of the other two connections would require more steps than mMd. The strength of the SGE
effect depends on the number of paths with the samemMd, which increases by manipulating the
number of dimensions of the network and the nodes’ coordinates as shown in the following.
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Figure 1.14: In this case, the mMd from nin to no is 4. The red dotted lines represent all the possible
paths with mMd, where all the others (as the blue dotted line) have a Manhattan distance > mMd. In a
3D lattice grid, each node/neuron has six connections. The nodes on the border surface are connected
with their respective counterparts on the opposite face. For clarity, the brown dotted line represents one
of those cyclic connections. This structure is equivalent to a torus in 4D space.

Mathematical proof

Let’s consider the following 3D cubic lattice (4D torus):

• side: ln = 2× sl

• coordinates of [(nin, no)]: [(x0, y0, z0); (x1, y1, z1)]

We can formulate :

X =

|x0 − x1| ; if : |x0 − x1|≤ sl

ln− |x0 − x1| ; if : |x0 − x1|> sl
(1.2.2)

Y =

|y0 − y1| ; if : |y0 − y1|≤ sl

ln− |y0 − y1| ; if : |y0 − y1|> sl
(1.2.3)

Z =

|z0 − z1| ; if : |z0 − z1|≤ sl

ln− |z0 − z1| ; if : |z0 − z1|> sl
(1.2.4)

In this context, the variables X, Y, and Z represent the minimum number of steps required along
each dimensional axis to go from nin to no. This definition aligns with the concept of the mini-
mum Manhattan distance, which can be expressed as mMd = X + Y + Z. For instance, suppose
our calculations yield the values (X, Y, Z) = (3, 4, 5). Consequently, the minimum number of
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Figure 1.15: Illustration of a network in both 2D and 3D is presented. When we contrast these two net-
work representations, it becomes evident that as we elevate the dimension, the quantity of pathways with
identical mMd also increases proportionally. Moreover, the presynaptic activity experiences an uptick in
the higher-dimensional network, consequently amplifying the likelihood of observing the SGE effect.
In panel (a), within the two-dimensional grid, there exist three distinct routes from nin to no, each with a
mMd value of 3. Under these circumstances, there is a possibility of having up to two presynaptic signals,
denoted as s1 and s2, arriving at no almost simultaneously, thus instigating the SGE effect.
In panel (b), the three-dimensional grid creates six distinct routes, all with an identical mMd value of 3,
connecting nin to no. In this scenario, the presence of a greater number of routes allows for the simul-
taneous convergence of up to three presynaptic signals, denoted as s1, ; s2, ; s3, at no, thereby enhancing
the likelihood of the SGE effect becoming significant.
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steps to traverse from nin to no is mMd = 3 + 4 + 5 = 12. To elaborate, one could start at nin,
take 3 steps along the x-axis, followed by 4 steps on they-axis, 5 steps on the z-axis, and then
conclude with 2 more steps on the y-axis. This path from nin to no illustrates an mMd of 12.

Our objective is to determine the total number of paths with an mMd of 12. Intuitively, this can
be achieved by permuting the partitions of X, Y, and Z, and the precise solution can be obtained
using the multinomial coefficient [46]:

P = (X + Y + Z)!
X! Y ! Z!

(1.2.5)

P represents here the number of paths with the same mMd=X+Y+Z from nin to no in the 3D
lattice grid. By keeping nin in the same position, if we increase the number of dimensions of
the grid, we may expect the number of paths with the same mMd to increase accordingly (as in
figure 1.15). This is not always true; instead, it depends on the choice of no. Let’s simplify the
concept by analyzing the number of paths from nin to no with the same mMd from a 2D to a 3D
lattice grid. In the 2D case we pose mMd = X ′ + Y ′, in the 3D case mMd = X + Y + Z. Since
we want mMd to be the same, it must be X ′ + Y ′ = X + Y + Z. In a 2D grid (10× 10) let be
(nin, no) of coordinates [(1,1) ; (3,4)], it follows X= 3 - 1 = 2, Y = 4 - 1 = 3, and mMd= 3 + 2 =
5. By applying the eq.(1.2.5) in 2D, we can calculate the number of path with mMd=5 as:

P ′ = (X ′ + Y ′)!
X ′! Y ′!

= 5!
12

= 10

In the 3D grid (10× 10× 10) we assign to nin the coordinates (1,1,0). Depending on the choice
of no, the number of paths with the same mMd=5 will change. For no of coordinates (2,2,3), in
fact, we have X,Y,Z=(1,1,3), mMd=1+1+3=5, and the number of paths is:

P = (X + Y + Z)!
X! Y ! Z!

= 5!
1! 1! 3!

= 20

In this case, the number of paths in 3D increased consistently, but if we had chosen no of coor-
dinates (0,1,4), we would have:

P = (X + Y + Z)!
X! Y ! Z!

= 5!
0! 1! 4!

= 5

which shows fewer paths compared to the 2D case (P ′=10). Therefore, the choice of no would
affect the number of paths which influences the SGE effect. We propose, hence, a way to de-
termine the coordinates of no such as to benefit the SGE. Let’s define the ratio α=P/P ′, and
consider X ′ + Y ′ = X + Y + Z = mMd. We want to find the coordinates of no such that
α > 1, which means P > P ′, i.e., the number of paths in 3D are greater than those in 2D with
the same mMd. Since X + Y + Z = X ′ + Y ′ = mMd we can write:

α = P

P ′
= (X + Y + Z)!

X! Y ! Z!
× (X ′! Y ′! )

(X ′ + Y ′)!
= (X ′! Y ′! )

X! Y ! Z!
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For α > 1:
(X ′! Y ′! )
X! Y ! Z!

> 1→ Z! <
(X ′! Y ′! )

X! Y !
It follows: 

X + Y + Z = mMd

Z! < (X′!Y ′!)
X!Y !

(1.2.6)

Let’s clarify everything with an example by using the same coordinates in 2D for (nin, no) =
[(1,1) ; (3,4)]. We know mMd=5, P ′=10, X ′=2, and Y ′=3. We now choose some values for
X, Y and calculate Z since we know X+Y+Z=mMd. Consequently, we just need to verify if Z
satisfies the eq.(1.2.6). For instance, if we chose the values for (X,Y )=(1,2), we have Z=2, which
satisfies eq.(1.2.6):


X + Y + Z = mMd

Z! < (X′!Y ′!)
X!Y !

→


1 + 2 + 2 = 5

2! < (2′!3′!)
1!2!

Therefore (X,Y,Z)=(1,2,2) solves for α > 1, and by substituting (1,2,2) in eq.(1.2.5), we expect
to have P > P ′:

P = (X + Y + Z)!
X! Y ! Z!

= 5!
1! 2! 2!

= 15 > P ′ = 10

From the eq.(1.2.2, 1.2.3, 1.2.4), by knowing [nin:(1,1,0)] and [(X,Y,Z)=(1,2,2)] we can calcu-
late 2 points for no =[no,1: (0,3,2); no,2:(2,3,2)]. The points have both mMd=5 to nin:(1,1,0)
whose number of paths is P= 15, greater than the number of paths P ′=10 for 2 points having
mMd=5 in the 2D network. Hence, by carefully choosing the coordinates of the no (no,1 or no,2),
we can strengthen the SGE in the 3D network.

Let’s evaluate two cases.

• A: All distances are equals X=Y=Z, it follows:

P = (3X)!
(X! )3 > 1

Since the fraction is bigger than 1, for n → ∞, considering the distances all equals, we
have:

P = limn→∞
(n×X)!

(X! )n
→∞

.

• B: In the 3D case where the distances are not equal, we can assume there is a minimum
between them. For instance, let’s be X < Y < Z (the order is not relevant). We can
develop eq.(1.2.5) by expressing Y, Z in the function of X . Since X, Y, Z > 0 we can
write Y = X + A and Z = X + B, with 0 < A < B. We can write eq.(1.2.5) as:
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P = [(X + B) + (X + A) + X]!
(X + B)! (X + A)! X!

= [3X + B + A]!
(X + B)! (X + A)! X!

The numerator can be developed in 3 terms : N = S × L × R :

S = (3X + B + A) · ·(3X + A + 1)︸ ︷︷ ︸
Bterms

; L = (3X + A) · ·(3X + 1)︸ ︷︷ ︸
Aterms

; R = (3X · ·X! )︸ ︷︷ ︸
3Xterms

The denominator can be developed in 3 terms as: D = Sô × Lô × Rô

S ′ = (X + B) · ·(X + 1)︸ ︷︷ ︸
Bterms

; L′ = (X + A) · ·(X + 1)︸ ︷︷ ︸
Aterms

; R′ = (X! X! X! )︸ ︷︷ ︸
3Xterms

Let’s consider the fraction N/D by comparing the fractions of the B, A, 3Xterms.

Bterms = S

S ′
; Aterms = L

L′
; 3Xterms = R

R′

All the 3 fractions are greater than 1. If we increase the dimension n, P can be written as
sum of n fractions all greater than 1, and for n→∞:

P = limn→∞

n∑
i=1

Ti

T ′i
→∞

In any case, by increasing the dimension n, P increases.

1.2.2 Spiking activity

Single spike propagation

To gain a deeper understanding of the process time τ , we conducted a simulation in a 3D lattice
grid network consisting of (7 × 7 × 7) identical RS neurons. The graphical representation in
Figure 1.16 illustrates a simulation spanning 1000 milliseconds during which a solitary spike
traverses the quickest route from the input neuron nin:12 to the output neuron no:155 (with
each neuron’s number corresponding to its position in the grid). In this simulation, an initiating
neuron emits a single spike at time t = t0, which in turn stimulates its neighboring neurons.
This action generates post-synaptic spikes that transform into pre-synaptic signals transmitted
to adjacent neurons, and the process continues to propagate across the grid.

By categorizing all impulses with positive membrane potential in Figure 1.16 as ”spikes,” we
observe that the second spike (occurring at the first post-synaptic neuron 61) occurs approx-
imately at 100 milliseconds. Subsequently, the adjacent neuron 154 spikes around 110 mil-
liseconds. The initial spike does not propagate entirely to the six adjacent neurons; instead, its
potential fragments into smaller post-synaptic potentials (PSPs) that spread along the intercon-
nected neurons in the system. A single neuron can be influenced by up to six PSPs, each arriving
at approximately the same time, and eventually trigger a spike (as indicated by the green dot).
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Figure 1.16: The membrane potential (vertical axis) of 6 adjacent neurons representing the propagation
of a single spike in a 2D network of regular spiking (RS) Izhikevich neurons. The central delay is 10 with
a noise of 6.43 ms, meaning the transition time µ varies in the range (13.57;26.43) ms. The plot shows
the behavior and development of the single-impulse spike (green dot) from the initiator neuron nin=12
across the path [12,61,62,111,105,154,155], with 155 being the output neuron no. We can observe how
the initial spiking activity at neuron 12 induces connected neurons to spike after a brief delay of duration
near the average axonal delay value (cd=20 milliseconds in the simulation shown).
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Remarkably, a single impulse spike has the capacity to propagate and generate significant action
potentials throughout the entire network within a 1000-millisecond timeframe.

RS vs Heterogeneous model

In this study, we investigate and compare the correlation between the randomness of neuron
types and the average number of spikes that occur in the entire network over a specific duration.
Initially, we examine homogeneous and heterogeneous models using a 3D model (4D torus).
We conduct multiple simulations while varying the level of heterogeneity from 0 to 1. A hetero-
geneity level of 0 signifies that all neurons are of the same type (RS Izhikevich), while a level
of 1 represents a completely heterogeneous network of Izhikevich neurons, as defined in refer-
ence [29]. In all these simulations, a constant current of 10 mA triggers the input (initiator) with
nin set to 12. It’s important to note that increasing axonal delay and heterogeneity accelerates
the propagation of spikes, leading to a logical expectation that the number of spikes will rise
as heterogeneity increases. In contrast, an examination of Figure 1.17 uncovers an unexpected
phenomenon, where the occurrence of spikes decreases as the level of variability increases. The
plot depicts the results of 15 different simulations, each lasting 1000 ms, conducted at six differ-
ent levels of heterogeneity. In each simulation, the central delay is held constant at 22 ms, while
δi ranges from 0 to 20 ms. The first simulation provides the average number of spikes in the
network with a central delay of 22 ms and a maximum variability of 0 ms. In this scenario, all
neurons exhibit the same transition time, with µ equal to 22 ms. Furthermore, since all neurons
are of the RS type, their processing time for action potential signals, denoted as τ , is approx-
imately uniform. In Figure 1.16, assuming constant values for µ and τ , we observe a smooth
synchronization of signals in the network. This synchronization implies that signals, such as
s1, s2, and s3 in Figure 1.15(b), are likely to reach no simultaneously, given the constancy of µ

and τ . This synchronization results in the PSPs clustering together at approximately the same
time, leading to the generation of spikes.

On the contrary, when the level of stochastic variation in axonal delay amplifies, the transmission
time, denoted as µ, exhibits fluctuations as described in equation (1.1.2). As a result, the syn-
chrony of signals diminishes, causing them to reach their destination with varying time intervals,
thereby diminishing the probability of postsynaptic potentials (PSPs) converging to generate a
neuronal spike. As the degree of noise escalates, the level of synchronization decreases, whereas
the incidence of spike occurrences rises.

Surprisingly, it is evident that as axonal heterogeneity value changes, the spiking activity of the
network maintains a consistent shape (see Figure 1.17) for all values of neural heterogeneity.
To elaborate, while the heterogeneous axonal delay primarily influences the spatial separation
between neurons, neural heterogeneity is fundamentally associated with the neuron model, af-
fecting the variability in τ specifically, how distinct neurons process pre-synaptic signals with
varying process time.
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Figure 1.17: The study investigates the relationship between axonal delay randomness, which ranges
from 0 to 20 milliseconds, and the number of spikes. This analysis focuses on a central delay of 22
milliseconds and encompasses six different levels of neuronal heterogeneity across three distinct network
dimensions. The count of spikes and the associated standard deviation are computed across hundreds of
neurons, and the outcomes are influenced by the network’s size. The graph illustrates the results, with a
blue dot (1) representing complete heterogeneity and a yellow dot (0.0) symbolizing zero heterogeneity
(all RS neurons). Across all three networks, the number of spikes for H=1.0 is approximately twice
as high as that for H=0.0. It’s worth noting that as spatial variability increases, the number of spikes
decreases, and this effect is more pronounced in models with higher levels of heterogeneity. The right-
hand panels display the linear regression coefficients (top) for the six heterogeneity levels, ranging from
0.0 to 1.0. The central values show the mean number of spikes for each level of heterogeneity (center)
and the corresponding standard deviation (bottom).
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Nt.size H.:0.0 H.:0.2 H.:0.4 H.:0.6 H.:0.8 H.: 1.0
S.D. 55.3 55.3 55.7 56.6 57.7 47.7
Mean 3091 3101 3340 3636 4543 6166
Slope -201 -190 -228 -231 -345 -392

S.D. 55.7 51.1 53.5 55.6 57.3 52
Mean 1104 1069 1133 1228 1445 1978
Slope -81.2 -72.7 -80.0 -91.3 -113 -144

S.D. 28.4 28.2 36.4 34.5 38.6 42.7
Mean 223 210 226 243 265 311
Slope -8.02 -7.25 -10.6 -10.9 -12.9 -18.3

5× 5× 5× 5

7× 7× 7

11× 11

Table 1.2: The table summarizes the data of figure 1.17. For each of the three networks are specified
the value of standard deviation (S.D.), the average number of spikes of the network (Mean), and the
interpolation line (Slope) for all the heterogeneity values (from H:0.0 to H:1.0)

1.3 Network partitioned in equivalence classes.

1.3.1 mMd induces equivalence classes on the network: Octahedrons.

We commence by partitioning the network based on the equivalence relationship denoted as
mMd. This process results in the formation of neuron groups that share similarities in their con-
nections and characteristics, facilitating the subsequent examination of the network by scrutiniz-
ing these groups. To begin, we revisit the definitions of equivalence classes and the equivalence
relationship, as presented by φ [47] within the context of a given set F. A relation φ defined on
a set F is classified as an equivalence relation if and only if it satisfies three essential criteria:

1. It is reflexive: for any a ∈ F , a must be equivalent to itself: a φ a

2. It is symmetric: For any couple (a,b) ∈ F , if a φ b→ b φ a

3. It is transitive: Let a, b, and c ∈ F .

Then, if a φ b and b φ c→ a φ c

If φ is an equivalence relationship on F, we can define the equivalence classes on F as:

[a] = {x ∈ F | x φ a}

It can be shown that any two equivalence classes are either equal or disjoint, hence the collection
of equivalence classes forms a partition of F, called quotient set of F, indicated as F , divided
into non-empty subsets, in such a way that every element of F is included in exactly one subset
of F [48]. The quotient set is defined as:

F/φ = F = {[a] | a ∈ F} (1.3.1)

Hence, we build the samemathematical structure in the network by provingmMd to be an equiv-
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alent relationship in Nt. This induces a quotient set of equivalence classes on it. We randomly
choose a neuron nin as the initiator. We consider the neurons ni, nj to be in relationship φ,
ni φ nj , if they have the same mMd to nin. We refer to mMd for nin, as the minimum num-
ber of steps to reach nin from a node nj , as explained in figure (1.18). In order for φ to be an
equivalence relationship on Nt we need to prove the following three points:

• reflexive: ∀ ni ∈ Nt → ni φ ni.

The reflexivity here is trivial since φ is an equality relationship. If ni has mMd to nin it is
obviously in a relationship with itself.

• symmetric: ∀ ni, nj ∈ Nt if ni φ nj → ni φ nj

For any couple of neurons ni, nj ∈ Nt, if ni φ nj , it means ni, nj have the same mMd to
nin for the commutative property of equality relationship it follows→ nj φ ni.

• transitive: ∀ ni, nj, nk ∈ Nt :
if ni φ nj and nj φ nk → ni φ nk.
If ni φ nj → ni and nj have the same mMd to nin. If and nj φ nk → nj and nk have the
same mMd to nin. From the transitivity properties of equality, it simply follows ni and nk

have the same mMd to nin, that is to say, ni φ nk.

Therefore, given a random nin, φ is an equivalence relationship on Nt inducing equivalence
classes of the form:

[nm
in] = {ni, nj ∈ Nt | ni φ nj}, with: 1 ≤ m ≤ g (1.3.2)

where g is the maximummMd from nin. There would be, hence, g equivalence classes described
in eq.(1.3.2).

In Figure 1.18, the neurons belonging to a class denoted as [nm
in] are positioned along a geometric

structure that can be described as an ”octahedron.” These classes take their names from the
shape itself. The class [nm

in] encompasses all neurons nj that share the same mMd value as
the initiating neuron nin. The quotient set Nt/φ serves as a valid partition of the set Nt and
represents the collection of all octahedrons. These octahedrons possess the properties of having
non-overlapping intersections (meaning that a neuron n cannot be part of more than one distinct
octahedron) and collectively forming the entirety of the set Nt.

1.3.2 Statistical entropy: macrostate and microstate.

Statistical entropy holds significant relevance within the domain of statistical mechanics. As
expounded by Boltzmann’s research [49], entropy can be construed as a quantification of the
multitude of conceivable microscopic states (microstates) from which a given macrostate of a
system may emerge [50]. If we denote Ω as the count of microstates contributing to the realiza-
tion of a specific macrostate denoted as A, then, in accordance with Boltzmann’s equation, the
likelihood of this particular macrostate manifesting is directly proportional to the value of Ω:
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Figure 1.18: An illustration featuring the mMd and the corresponding equivalence classes [n1
in] and

[n2
in] is presented. The central green node represents the initiator neuron, denoted as nin. In Figure A,

we depict the class [n1
in], comprising a collection of six neurons, all with a mMd value of 1 with respect

to nin. The mMd is represented by a red dotted line. In Figure B, we turn our attention to the class
[n2

in], which consists of eighteen neurons, each having an identical mMd of 2, measured from the same
reference neuron, nin. The red dotted lines in this context illustrate the paths required to reach nin in
exactly two steps. These sets are comprised of 18 elements, all maintaining equivalent relationships with
each other. Hypothetically connecting these nodes would result in the neurons lying on the surface of an
octahedron.

S(A) = ln2(Ω) (1.3.3)

We have chosen to omit the inclusion of Boltzmann’s constant in the current context, as it proves
unnecessary for the purposes of our study; nonetheless, it has been computed in the course of our
simulation. The function under consideration quantifies the total number of feasible arrange-
ments for a given macrostate. The quantity denoted as S(A), corresponding to the entropy of
macrostate A, serves as a measure of the information required for describing the system. The
probability of encountering the system in a particular state, or macrostate, hinges upon the mi-
crostates that compose that specific macrostate; in other words, it is directly proportional to the
count of possible microstate configurations. To elucidate this relationship among microstates,
macrostates, and entropy, we offer an illustrative example related to equation (1.3.3). When
rolling two dice, the microstate associated with macrostate A=2 is singular, while the number of
microstates for macrostate A=7 amounts to six, reflecting the six distinct combinations of dice
that result in a total of seven pips. As depicted in Figure (1.19), the macrostate with the highest
likelihood of occurrence, or, equivalently, the highest entropy, is macrostate A=7, characterized
by an entropy of S(7) = ln(6). This observation aligns with the fundamental principle that the
macrostate possessing the greatest number of microstates corresponds to the macrostate with the
highest entropy
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